The choosability χ (G) of a graph G is the minimum k such that having k colors available at each vertex guarantees a proper coloring. Given a toroidal graph G, it is known that χ (G) ≤ 7, and χ (G) = 7 if and only if G contains K 7 . Cai, Wang, and Zhu proved that a toroidal graph G without 7-cycles is 6-choosable, and χ (G) = 6 if and only if G contains K 6 . They also prove that a toroidal graph G without 6-cycles is 5-choosable, and conjecture that χ (G) = 5 if and only if G contains K 5 . We disprove this conjecture by constructing an infinite family of non-4-colorable toroidal graphs with neither K 5 nor cycles of length at least 6; moreover, this family of graphs is embeddable on every surface except the plane and the projective plane. Instead, we prove the following slightly weaker statement suggested by Zhu: toroidal graphs containing neither K − 5 (a K 5 missing one edge) nor 6-cycles are 4-choosable. This is sharp in the sense that forbidding only one of the two structures does not ensure that the graph is 4-choosable.
Introduction
Let [n] = {1, . . . , n}. Only finite, simple graphs are considered. Let K n be the complete graph on n vertices. If H is a subgraph of G, then we write H ⊆ G. Given a graph G, let V (G) and E(G) denote the vertex set and edge set of G, respectively. Given a graph G, a list assignment L is a function on V (G) that assigns to each vertex v a list L(v) of (available) colors. An L-coloring is a vertex coloring f such that f (v) ∈ L(v) for each vertex v and f (x) = f (y) for each edge xy. A graph G is said to be k-choosable if there is an L-coloring for each list assignment L where |L(v)| ≥ k for each vertex v. The minimum such k is known as the choosability of G, denoted χ (G).
Thomassen [7] proved that planar graphs are 5-choosable, and Voigt [8] constructed a planar graph that is not 4-choosable. It is known that [6, 10, 9, 4] that planar graphs without k-cycles for some k ∈ {3, 4, 5, 6, 7} are 4-choosable. There is also a vast literature In section 2, we prove many structural lemmas needed in Section 3, which is where we prove Theorem 1.2 using discharging. In Section 4, we display the sharpness examples of Theorem 1.2.
Lemmas
From now on, let G be a counterexample to Theorem 1.2 with the fewest number of vertices, and fix some embedding of G. It is easy to see that the minimum degree of (a vertex of) G is at least 4 and G is connected.
The neighborhood of a vertex v, denoted N (v), is the set of vertices adjacent to v, and let N [v] = N (v) ∪ {v}. The degree of a vertex v, denoted d(v), is |N (v)|. The degree of a face f , denoted d(f ), is the length of f . A k-vertex, k + -vertex, k-face, k + -face is a vertex of degree k, a vertex of degree at least k, a face of degree k, and a face of degree at least k, respectively.
A graph is degree-choosable if there is an L-coloring for each list assignment L where |L(v)| ≥ d(v) for each vertex v. The following is a very well-known fact. Theorem 2.1. A graph is degree-choosable unless each maximal 2-connected subgraph is either a complete graph or an odd cycle.
A set S ⊆ V (G) of vertices is k-regular if every vertex in S has degree k in G. A chord is an edge between two non-consecutive vertices on a cycle. Let W 4 be a K 5 missing two edges that are not incident to each other.
Lemma 2.2. V (G) does not contain any of the following:
(i) A 4-regular set S where G[S] is a cycle of even length.
(ii) A 4-regular set S where G[S] is a cycle with one chord. Proof. Assume for the sake of contradiction that G contains a 4-regular set S described in either (i) or (ii). By the minimality of G, there exists an
. By combining f and g, we obtain an L-coloring of G, which contradicts that G is a counterexample. (iii) follows from (ii) since (iii) contains (ii) as a subgraph. (iv) and (v) also cannot exist since G has minimum degree at least 4. A 6-face is degenerate if some vertex y is incident to it twice; namely, it is of the form xyzayw (see Figure 3) . A list of faces of a vertex v is consecutive if it is a sublist of the list of faces incident to v in cyclic order. Proposition 2.3. If f is a 6-face of G where wxyz are consecutive vertices on f , then the following holds:
(i) f must be a degenerate 6-face.
(ii) If xz is not an edge, then wy is an edge and y is incident to f twice.
(iii) If w = z, then either x or y is incident to f twice.
(iv) f cannot appear consecutively in the list of consecutive faces of a vertex.
Proof. (i) follows from Lemma 2.2 (v). It is easy to check (ii), (iii), and (iv). Proposition 2.4. Given a 4-face vu 2 xu 3 and u 1 ∈ {v, u 2 , u 3 , x}, if u 1 vu 2 y is a 4-face for some vertex y, then y = u 3 .
Proof. Note that y ∈ {v, u 1 , u 2 }, and if y = x, then d(u 2 ) = 2 < 4, which contradicts the minimum degree of G. Now, vu 1 yu 2 xu 3 is a 6-cycle, unless y = u 3 .
Proof. Let u 1 , u 2 , u 3 , u 4 be neighbors of v in cyclic order so that f 1 is vu 1 u 2 and f 3 is vu 3 u 4 . If f 2 is a 4-face u 2 vu 3 x, then vu 1 u 2 xu 3 u 4 is a 6-cycle, unless x ∈ {u 1 , u 4 }. Yet, if x ∈ {u 1 , u 4 }, then either d(u 2 ) = 2 or d(u 3 ) = 2, which contradicts the minimum degree of G. If f 2 is a 5-face u 2 vu 3 xy, then G has a 6-cycle, unless {x,
Proof. Let u 1 , u 2 , u 3 , u 4 be the neighbors of v in cyclic order so that f 1 is vu 1 u 2 , f 2 is vu 2 u 3 , and f 3 is u 3 vu 4 x for some x. If x ∈ {u 1 , u 2 }, then u 1 u 2 u 3 xu 4 v is a 6-cycle, which is a contradiction. If x = u 2 , then d(u 3 ) = 2, which is a contradiction. Therefore, x = u 1 .
Note that if either u 3 u 4 or u 2 u 4 is an edge, then K
. Also, vu 4 and u 4 u 1 cannot be consecutive edges on the boundary of f 4 since this implies d(u 4 ) = 2. If f 4 is a 3-face vu 4 x, then x ∈ {u 1 , u 2 , u 3 }. Yet, vxu 4 u 1 u 3 u 2 is a 6-cycle. If f 4 is a 4-face vu 4 xy, then x ∈ {u 1 , u 2 , u 3 }. If y ∈ {u 1 , u 2 , u 3 }, then vyxu 4 u 1 u 2 is a 6-cycle. If y = u 1 , then vu 4 xyu 2 u 3 is a 6-cycle. If y = u 2 , then u 4 xyu 3 vu 1 is a 6-cycle. If y = u 3 , then u 4 xyvu 2 u 1 is a 6-cycle. If f 4 is a 5-face vu 4 xyz, then x, y ∈ {u 1 , u 2 , u 3 }. If z ∈ {u 1 , u 2 , u 3 }, then u 4 xyzvu 1 is a 6-cycle. If z = u 1 , then u 4 xyzu 2 v is a 6-cycle. If z = u 2 , then u 4 xyzvu 1 is a 6-cycle. If z = u 3 , then u 4 xyzvu 1 is a 6-cycle.
Proof. Let u 1 , u 2 , u 3 , u 4 , u 5 be the neighbors of v in cyclic order so that f 1 is u 1 vu 2 , f 2 is u 2 vu 3 , and f 4 is u 4 vu 5 . By Claim 2.5, d(f 3 ) ≥ 6. Assume for the sake of contradiction that d(f 3 ) = 6. If u 3 u 4 is not an edge, then by Proposition 2.3 (ii), v must be incident to f 3 twice. This implies that f 3 is either u 3 vu 4 u 5 vu 1 or u 3 vu 4 u 1 vu 5 . In the former, d(u 4 ) = 2, and in the latter, u 3 u 5 u 4 u 1 u 2 v is a 6-cycle. Proof. Let u 1 , u 2 , u 3 , u 4 , u 5 be the neighbors of v in cyclic order so that f 1 is u 1 vu 2 x, f 2 is u 2 vu 3 y, and f 3 is u 3 vu 4 , and f 4 is u 4 vu 5 z for some x, y, z. Note that y = u 4 since otherwise d(u 3 ) = 2, and z = u 3 since otherwise d(u 4 ) = 2.
Assume y ∈ {u 1 , u 5 }. By considering f 1 and f 2 and Proposition 2.4, x = u 3 . If z ∈ {u 1 , u 3 }, then u 4 zu 5 vu 1 u 3 is a 6-cycle. Thus, z = u 1 . Yet, now u 4 u 1 vu 2 yu 3 is a 6-cycle.
Assume y = u 1 . If z ∈ {u 1 , u 3 }, then u 4 zu 5 vu 1 u 3 is a 6-cycle. Thus, z = u 1 . If x ∈ {u 3 , u 4 }, then u 4 u 1 xu 2 vu 3 is a 6-cycle. Yet, if x = u 3 , then u 4 vu 5 u 1 u 2 u 3 is a 6-cycle, and if x = u 4 , then u 4 u 3 vu 5 u 1 u 2 is a 6-cycle.
Assume y = u 5 . If z ∈ {u 2 , u 3 }, then u 4 zu 5 u 2 vu 3 is a 6-cycle. Thus, z = u 2 . If x ∈ {u 3 , u 4 }, then u 1 xu 2 u 4 u 3 v is a 6-cycle. Yet, if x = u 3 , then u 1 u 3 u 4 u 2 u 5 v is a 6-cycle, and if x = u 4 , then u 1 u 4 u 3 u 5 u 2 v is a 6-cycle. Claim 2.9. There is no 5-vertex v that is incident to only 4-faces.
Proof. Let u 1 , u 2 , u 3 , u 4 , u 5 be the neighbors of v in cyclic order so that u 4 vu 5 x is a 4-face for some x.
Assume x ∈ {u 1 , u 2 , u 3 }. By considering the two 4-faces adjacent to vu 4 and Proposition 2.4, u 3 u 5 , u 4 u 5 ∈ E(G). By considering the two 4-faces adjacent to vu 5 and Proposition 2.4, u 1 u 4 ∈ E(G). Now, u 1 u 4 xu 5 u 3 v is a 6-cycle. Assume x = u 2 . By considering the two 4-faces adjacent to vu 5 and Proposition 2.4, u 4 u 5 , u 4 u 1 ∈ E(G). By considering the two 4-faces adjacent to vu 4 and Proposition 2.4,
The only cases left are x ∈ {u 3 , u 1 }. Without loss of generality, assume x = u 3 . By considering the two 4-faces adjacent to vu 5 and Proposition 2.4, u 4 u 5 , u 4 u 1 ∈ E(G). By considering the two 4-faces adjacent to vu 1 and Proposition 2.4,
A 4-vertex v is special if v is incident to a 4-face and exactly two 3-faces. Proof. Let u 1 , u 2 , u 3 , u 4 be the neighbors of a special vertex v in cyclic order so that vu 1 u 2 and vu 2 u 3 are the two 3-faces incident to v, and u 3 vu 4 x is a 4-face for some
If u 1 is a special vertex, then u 1 u 2 x must be a 3-face for some x ∈ {u 3 , u 4 }, otherwise u 1 xu 2 u 3 vu 4 is a 6-cycle. Since x = u 4 creates a K − 5 , it must be that x = u 3 , but this implies that d(u 2 ) = 3. If u 3 is a special vertex, then u 2 u 3 x must be a 3-face for some x ∈ {u 1 , u 4 }, otherwise u 2 xu 3 u 1 u 4 v is a 6-cycle. Since x = u 4 creates a K − 5 , it must be that x = u 1 , but this implies that d(u 2 ) = 3. If u 4 is a special vertex, then since vu 4 u 1 cannot be a 3-face, it must be that u 4 u 1 x is a 3-face for some x ∈ {u 2 , u 3 }, otherwise u 1 xu 4 vu 3 u 2 is a 6-cycle. Yet either choice of x creates a K − 5 . Hence none of u 1 , u 3 , u 4 can be a special vertex, and thus there is only at most special vertex.
Proof. Let u 1 , u 2 , u 3 , u 4 be the neighbors of v in cyclic order so that vu 1 u 2 is the 3-face f 1 incident to v. Let the 4-face f 2 be u 2 vu 3 x and let the other 4-face f 4 be u 1 vu 4 y. If x = u 1 , then d(u 2 ) = 2, which is a contradiction. If y = u 2 , then d(u 1 ) = 2. If x = u 4 and y ∈ N [v], then u 1 u 2 vu 3 u 4 y is a 6-cycle. If y = u 3 and x ∈ N [v], then u 2 u 1 vu 4 u 3 x is a 6-cycle. So either x = u 4 and y = u 3 or x, y ∈ N [v]. Note that v cannot be a special vertex since it is incident to two 4-faces.
Assume x = u 4 and y = u 3 . If u 2 is a special vertex, then u 1 u 2 z must be a 3-face for
Note that u 3 , u 4 are not special vertices since each is incident to two 4-faces. Therefore, the f 2 is not incident to a special vertex, and by similar logic, f 4 is not incident to a special vertex.
Assume
. If x = y, then x cannot be a special vertex since it is incident to two 4-faces. Without loss of generality, assume u 1 u 2 z is a 3-face for some
Since u 1 u 2 z cannot be a 3-face, it follows that both u 2 and u 1 cannot be special vertices. If u 3 is a special vertex, then u 3 xz must be a 3-face for some z = v. If z ∈ {u 1 , u 2 }, then u 1 u 2 xzu 3 v is a 6-cycle. If z = u 1 , then u 1 u 2 xu 4 vu 3 is a 6-cycle. If z = u 2 , then u 2 u 1 vu 4 xu 3 is a 6-cycle. Therefore, neither f 2 nor f 4 is incident to a special vertex. If x = y, then both u 1 , u 2 cannot be special vertices since u 1 u 2 z cannot be a 3-face for some z = v; this is because if z ∈ {x, u 3 } then vu 1 zu 2 xu 3 is a 6-cycle, and if z ∈ {y, u 4 } then u 1 zu 2 vu 4 y is a 6-cycle. If xu 2 z is a 3-face for some z, then z ∈ {v, u 1 , u 3 }, otherwise
x is a 6-cycle. Therefore, f 2 is not incident to a special vertex, and by similar logic, f 4 is also not incident to a special vertex. 
(ii) d(f i ) ≥ 6 and d(f j ) = 4 and f 3 is not incident to a special vertex where {i, j} = {2, 4}.
Proof. Let u 1 , u 2 , u 3 , u 4 be the neighbors of v in cyclic order so that f 1 is vu 1 u 2 and f 3 is u 4 vu 3 x. Assume x ∈ {u 1 , u 2 }. Consider the face f 2 . If f 2 is a 3-face, then u 1 u 2 u 3 xu 4 v is a 6-cycle. If f 2 is a 4-face u 2 vu 3 y, then by Proposition 2.4, y = u 4 . Yet, now vu 1 u 2 u 4 xu 3 is a 6-cycle. If f 2 is a 5-face u 2 vu 3 yz, then vu 1 u 2 zyu 3 is a 6-cycle, unless u 1 ∈ {z, y}. If u 1 = z, then d(u 2 ) = 2. If u 1 = y, then vu 2 u 1 yxu 4 is a 6-cycle. Therefore, d(f 2 ) ≥ 6, and by symmetry, d(f 4 ) ≥ 6.
Without loss of generality, assume x = u 2 and consider f 4 . Note that f 2 cannot be a 3-face since this implies that d(u 3 ) = 2. Since v is not special, this implies that f 4 cannot be a 3-face. If f 4 is a 4-face u 1 vu 4 y, then by Proposition 2.4, y = u 3 . Yet, now K
If f is a 5-face u 1 vu 4 yz, then u 1 u 2 vu 4 yz is a 6-cycle, unless u 2 ∈ {y, z}. If u 2 = z, then 
+ -vertex.
Proof. Let u 1 , u 2 , u 3 , u 4 be the neighbors of v in cyclic order so that f 1 is u 1 vu 2 , f 2 is u 2 vu 3 , and f 3 is u 4 vu 3 xy for some x, y.
, then this contradicts Lemma 2.2 (ii). Thus, some vertex has higher degree, and therefore f 3 is incident to a 5 + -vertex. If f 4 is a 6-face, then since v cannot be incident to f 4 twice, it must be that u 1 u 4 is an edge by Proposition 2.3. Yet, K Proof. Let u 1 , u 2 , u 3 , u 4 be the neighbors of v in cyclic order so that f 1 is u 1 vu 2 x for some x, f 2 is u 2 vu 3 y for some y, and f 3 is u 3 vu 4 z for some z. Claim 2.16. A face that is not incident to a 4-bad vertex v but is adjacent to a 3-face incident to v is a great face. Figure 7 : A 3-bad vertex (left) and a 4-bad vertex (right).
Proof. Let u 1 , u 2 , u 3 , u 4 be the neighbors of v in cyclic order as in Figure 7 . By symmetry, we just need to show that a face f that is adjacent to u 1 u 2 but is not incident to v is a great face. Note that if either u 1 u 3 or u 2 u 4 is an edge, then K
If f is a 4-face u 1 u 2 xy, then {x, y} = {u 3 , u 4 }, otherwise G has a 6-cycle. Since x = u 4 and y = u 3 , it must be that x = u 3 and y = u 4 , which implies that d(u 3 ) = 3. Also, f cannot be a 5-face since f along with v would form a 6-cycle. If f is a 6-face where x, u 1 , u 2 , y are consecutive vertices on f , then, by Proposition 2.3 (ii), either xu 2 ∈ E(G) or u 1 y ∈ E(G). In all cases, we get a 6-cycle or a K
Claim 2.17. A face that is not incident to a 3-bad vertex v but is adjacent to a 3-face incident to v cannot be a 3-face.
Proof. Let f 0 , f 1 , f 2 , f 3 be consecutive faces of v and let u 1 , u 2 , u 3 , u 4 be the neighbors of v in cyclic order as in Figure 7 . Note that f 0 cannot be a 3-face, otherwise v would be a 4-bad vertex. Assume f 2 was adjacent to a 3-face u 3 u 4 x that is not f 1 , f 3 . If x ∈ {u 1 , u 2 }, then xu 4 u 1 vu 2 u 3 is a 6-cycle. If x ∈ {u 1 , u 2 }, then either d(u 3 ) = 3 or d(u 4 ) = 3.
Without loss of generality, assume f 3 is adjacent to a 3-face u 2 u 3 x that is not f 2 . If x ∈ {u 1 , u 4 }, then xu 2 vu 1 u 4 u 3 is a 6-cycle. If
Corollary 2.18. Each 3-bad vertex v is incident to either a great face or a degenerate 6-face.
Proof. Let f 0 be the face incident to v that is not a 3-face. By Claim 2.5, d(f 0 ) ≥ 6. If f 0 is a 6-face, it must be a degenerate 6-face, otherwise, f 0 is a great face.
Corollary 2.19. If a 3-bad vertex v is incident to a degenerate 6-face f , then a face that is not incident to v but is adjacent to a face incident to v must be a great face.
Proof. Let u 1 , u 2 ∈ N (v) so that u 1 , v, u 2 are consecutive vertices of f . Since v cannot be incident to f twice, by Proposition 2.3 (ii), it must be that u 1 u 2 ∈ E(G). The rest of the proof is identical to Claim 2.16. Corollary 2.20. If a 3-bad vertex v is incident to a great face f , then a face that is not incident to v but is adjacent to a 3-face incident to v has length at least 6.
Proof. Let f 0 , f 1 , f 2 , f 3 be consecutive faces of v and let u 1 , u 2 , u 3 , u 4 be the neighbors of v in cyclic order as in Figure 7 . Let f be the face adjacent to u 3 u 4 that is not f 2 . By Claim 2.17, f cannot be a 3-face. If f is a 4-face u 3 u 4 xy, then {x, y} = {u 1 , u 2 }, otherwise G has a 6-cycle. If either y = u 2 or x = u 1 , then either d(u 3 ) = 2 or d(u 4 ) = 2. If x = u 2 and y = u 1 , then
. Note that f cannot be a 5-face since f along with v would form a 6-cycle.
Without loss of generality, let f be the face adjacent to u 2 u 3 that is not f 3 . By Claim 2.17, f cannot be a 3-face. If f is a 4-face u 2 xyu 3 for some x, y, then u 4 vu 2 xyu 3 is a 6-cycle, unless u 4 ∈ {x, y}. Since u 4 = y implies d(u 3 ) = 3, it must be that u 4 
, and if x = u 1 , then u 4 xu 3 u 2 vu 1 is a 6-cycle. Note that f cannot be a 5-face since f along with v would form a 6-cycle.
Corollary 2.21. Given a 3-bad vertex v incident to a great face, let u 1 , u 2 , u 3 , u 4 be the neighbors of v in cyclic order so that u 1 vu 2 is not a 3-face. If d(u 3 ) = d(u 4 ) = 4, then each face that is not incident to v but is adjacent to a 3-face incident to v is great.
, let f i be the face that is incident to an edge u i u i+1 that is not a 3-face. By Corollary 2.20, we know that d(f i ) ≥ 6. Assume for the sake of contradiction that f i is a 6-face for some i ∈ [3] . Assume i = 1. By Proposition 2.3 (ii), either xu 1 is an edge or u 2 is incident to f 1 twice. Yet, by Proposition 2.3 (iv), u 2 cannot be incident to f 1 twice, so xu 1 must be an edge. If x = u 4 , then xu 1 vu 4 u 3 u 2 is a 6-cycle. If x = u 4 , then K For i ∈ {1, 2}, a 5 + -vertex u is i-responsible for an adjacent bad vertex v if uv is incident to i 3-faces. A 5 + -vertex u is responsible for a bad vertex v if u is either 1-responsible or 2-responsible for v. A 4-vertex u is responsible for an adjacent bad vertex v if uv is incident to two 3-faces. Note that a vertex might be responsible for several bad vertices, and several vertices might be responsible for the same bad vertex. Proof. If v is responsible for a vertex u, one of the two faces incident to the edge vu must be a 3-face vux. By Corollary 2.22, x cannot be a bad vertex. By Claim 2.16 and Claim 2.17, the face incident to xv that is not xvu has length at least 6, and this finishes the proof.
Corollary 2.24. Each vertex v is 2-responsible for at most
bad vertices.
Proof. Let x 1 , . . . , x d(x) be the neighbors of v in cyclic order. If v is 2-responsible for x i , then both faces incident to the edge vx i must be 3-faces. By Claim 2.16 and Claim 2.17, the face incident to v, x i+1 , x i+2 cannot be a 3-face, thus, v cannot be 2-responsible for x i+1 and x i+2 . By the same argument, v cannot be 2-responsible for x i−1 , x i−2 .
Discharging
Recall that an embedding of G was fixed, and let F (G) be the set of faces of G. In this section, we will prove that G cannot exist by assigning an initial charge µ(z) to each z ∈ V (G)∪F (G), and then applying a discharging procedure to end up with final charge µ * (z) at z. We prove that the final charge has positive total sum, whereas the initial charge sum is at most zero. The discharging process will preserve the total charge sum, and hence we find a contradiction to conclude that G does not exist.
For each vertex v ∈ V (G), let µ(v) = d(v) − 6, and for each face f ∈ F (G), let µ(f ) = 2d(f ) − 6. The total initial charge is at most zero since
The final equality holds by Euler's formula.
The rest of this section will prove that the sum of the final charge after the discharging phase is positive.
Recall that a 4-vertex v is special if v is incident to a 4-face and exactly two 3-faces. A 4-vertex v is bad if is incident to three or four 3-faces; a vertex is good if it is neither bad nor special. For i ∈ {1, 2}, a 5 + -vertex u is i-responsible for an adjacent bad vertex v if uv is incident to i 3-faces. A 5 + -vertex u is responsible for a vertex v if u is either 1-responsible or 2-responsible for v. A 4-vertex u is responsible for an adjacent bad vertex v if uv is incident to two 3-faces
Here are the discharging rules:
(R1) Each 4-face sends charge 1 to each incident special vertex, 1 5 to each incident 5 + -vertex, and distributes its remaining initial charge uniformly to each incident non-special 4-vertex.
(R2) Each 5-face sends charge 4 7 to each incident 5 + -vertex and distributes its remaining initial charge uniformly to each incident 4-vertex.
(R3) Each 6 + -face distributes its initial charge uniformly to each incident vertex.
(R4) Each good 4-vertex u sends its excess charge to each vertex v where u is responsible for v.
(R5) Each 5 + -vertex u sends charge 1 to each vertex v where u is 2-responsible for v.
(R6) Each 5 + -vertex u sends charge 2 7 to each vertex v where u is 1-responsible for v.
We will first show that each 4-face has nonnegative final charge. It is trivial that each 6 + -face has nonnegative final charge. Then, we will show that each vertex has nonnegative final charge. Moreover, we will show that each bad vertex and each 5 + -vertex that is not adjacent to a bad vertex has positive final charge. to each incident 4-vertex if f is not incident to a special vertex, and f sends charge at least 2 5 to each incident non-special 4-vertex if f is incident to a special vertex.
Proof. By Claim 2.11, f is incident to at most one special vertex. By Lemma 2.2, there are at most three vertices of degree 4 incident to f . Since , the worst case is when f has many incident 4-vertices. If f is not incident to a special vertex, then µ * (f ) ≥ 2−3·
Claim 3.2. Each 5-face f has nonnegative final charge. Moreover, f sends charge at least 6 7 to each incident 4-vertex if f is incident to a 5 + -vertex, and f sends charge at least 4 5 to each incident 4-vertex if f is not incident to a 5 + -vertex.
Proof. Since , the worst case is when f has many incident 4-vertices. If f is incident to a 5
Note that each (degenerate) 6-face sends charge 1 to each incident vertex, and each great face f sends charge
to each incident vertex. > 0. Thus, given consecutive faces > 0. Note that if v is not adjacent to a bad vertex, then v is not responsible for any vertex. Also v cannot be incident to only 3-faces since this would create a 6-cycle. Now, since v is incident to a 4 + -face, v has positive final charge. Assume v is incident to two 3-faces that are adjacent to each other and v is not responsible for any vertex. If v is incident to a 4-face, then v is a special vertex. If v is incident to a 5-face, then by Claim 2.14, v is also incident to a 7 + -face and the 5-face is incident to a 5 + -vertex. Thus, µ * (v) ≥ −2 + Theorem 4.1. For each k ≥ 6, there exists an infinite family of toroidal graphs without -cycles for any 6 ≤ ≤ k with chromatic number 5.
Proof. Let H i be a complete graph on 5 vertices minus an edge where x i and z i are the vertices of degree 3. Create G s in the following way: given s copies of H i , identify x i and z i+1 for i ∈ [s − 1], and also add the edge x s z 1 . Let s ≥ k 2 and consider G s . It is easy to check that any 4-coloring of G s must assign the same color to all the identified vertices as well as x s , z 1 , which is a contradiction since x s z 1 is an edge. This shows G s is not 4-colorable, which further implies that it is not 4-choosable. For each cycle in G s , if it uses the the edge x s z 1 , then it must have length at least 2s + 1, which is at least k + 1. All other cycles are contained within a copy of H i , and has length at most 5. It is easy to check that there is no K 5 and that there is a 5-coloring of G s . Note that G s is toroidal, as seen in Figure 9 . Proof. Let H i be a complete graph on 4 vertices where x i , x i , y i , y i are the vertices of H i . Create G s in the following way: given 2s + 1 copies of H i , identify x i with x i+1 and identify y i with y i for i ∈ [2s], and also add a vertex z and the edges zx 1 , zy 1 , zx 2s+1 , and zy 2s+1 .
It is easy to check that any 4-coloring of G s must assign different colors to the neighbors of z, which implies that G s is not 4-colorable; this further implies that it is not 4-choosable. It is easy to check that G s is hamiltonian and there is no K − 5 . Note that G s is toroidal, as seen in Figure 10 .
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